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The description of an R"-valued one form relative to an embedding

E.Binz

1) Introduction

Let M be a compact, smooth and oriented manifold. The collection of
all smooth embeddings of M into RR" equipped with the C”-topology
is a Fréchet manifold and is denoted by E(MJRn) . The collection

1

A (M,Rn) consisting of all smooth R"-valued one forms of M , also

n

endowed with the C™ topology,is a Fréchet space. R" is assumed

to be oriented and is equipped with a fixed scalar product <,> .
These notes describe relations between a given a € Al(M,Rn) and a
given i € E(M,R") . Two sorts of decomposition of a relative to i
are discussed and related. First we show that o splits into

a=dh+B8 heC°MRY ,

where B has only the zero as integrated parts. The other decomposition
is _ . . . . Caim

: a = c (1)-di + di.C_(1).+ di-B (1)
with ¢ Ewdw(M,so(n)) and C (1) as well as qa(i) are smooth, strong
bundle maps of TM skew-, respectively selfadjoint with respect to the

Riemannian metric m(i) , the pullback of <> by i

The relation among these two splittings as well as the techniques presented

play a crucial role in elasticity theory.

Smoothness is always meant in the sense of [Gu] .




2) Relations between o and i

Throughout these notes i € E(M,R") s a fixed (smooth) embedding and

a € Al(M,Rn) a fixed (smooth) R"-valued one form di € Al(M,Rn) is locally
given by the Fréchet derivative of i . Clearly m(i)(X,Y)=<di X,di Y>

for all X,Y € I'TM .

Qur first observation is as follows:

Proposition 1 Given a € Al(MJRn) and i € E(M,Rn) then there is a map

h(i) € Cw(MJRny ,-determined up to a constant such that
(1) o = dh(i) + B(i)

h(i) s ca]1ed~theu3nteg?ab]e'part of a . The decomposition (1) "of a

is maximal in the sense that the integrable part of B(i) is zero .

v

Proof: Let CEERRRLN be an orthonormal basis of an . Then

n
a(X) = = a’(X)e, VX €ETTM
s=1

for a uniquely determined family al,...,an € Al(M,R) of smooth

R-valued one forms of M . Clearly

a®(X) = < a(X), e, > .

S

For each s = 1,...,n the one form a” can be represented as

aS(X) = m(i)(Yg,X) for all X € rTM

for a well defined YS € TTM . This vector field splits according to

Hodge's decomposition uniquely into

0
Yo = gradjTg + Y

where gradir means the gradient of T, € C’(M,R) with respect to

S

the metric m(i) and diviY°'= 0 . By divi we denote the divergence

operator associated with m(i) . Thus




[

a®(X) = dr (X) + m(i)(Yg,X)

Now we define . n
h(i): = sil Tsreg
and n o
B(i)(X): = =_m(i)(Y ,X)-e vV X € TTM
s=1 5
Then

a = dn(i) + B(i)

Let us verify that this decomposition does not depend on the basis chosen.
To this end let él""’én eR" be any other orthonormal basis of R"

and define &s,%s,?g, h and é analoguously as above. Omiting the

variable i then for any s = 1,...,n

a*(X) = <a(X), ez > = <dh(X), &> + < B(X), &>

-n n
- .\ rv0 =
< ? de(X)'es?eg >+ < ? m(1)(YS,X)-es,e§ >
n

n
N - . 0 -
m(i)(grad, ?)(Ts'<ese§>),X) + m(i)( ? Vo< es,e§>,X)

< dh(X), ég > + < B(X), é§ > +

m(i)(grad, Tz,X) + m(i)(Yg,X)

'n
Since grad, I (rs <e

,e§>) is a gradient with respect to m(i) and
1

S

since . o -
div,(Z Yo <e,e>) = 0

we conclude due to the uniqueness of Hodge's'decomposition

n
gradi z (t_-

< _>) = . T
RS -8z ) grad1 T

S

0 - 0
< - = -
and YS eg ez > YS

nMzs

_ s=1

Thus for any X € I'TM we have
n n - _ _

dh(X) = 2 <dh(X), e> ey = §§1 <dh(X), e>e. = dh(X)

and

n -
B(X)= = <BX), e, > -e
=1




Let us investigate the decomposition (1) in proposition 1 somewhat closer.

We have
a = dh(i) + B(i)

for some h € C°(M,R") . Obviously

h(i) = di X+ h(i)
for some well-defined Xh € T'TM . By hi(i) we denote the pointwise
formed component of h normal to i(M) . The vector field Xh again

decomposes according to Hodge's decomposition into

X, = xﬁ + grad, ¢ with div xﬁ =0 and Y, € CT(MR) .

Hence dh(i)X = di V(i)y X + di(v(i), grad; ¢ + W(i), X)

+S(3) (X, .X)

Here diW(i)h X = dhl(i)(X)T., where the upper indices T and 1 denote
the pointwise formed component tangential respectively normal to i(M) .
We remind the reader that wh(i) is a smooth strong bundle endomorphism

1. h + 2z for

of TM ‘selfadjoint with respect to m(i) . Let now h
some z € R" . Then if we regard z as a constant map in CT(M,R) we

again have 1

z = di XZ + z

However the vector field on R" assigning to any z' €{Rn the vector

zeR" isa gradient of some map o € C”GRJR) say . Hence if we form

®oi then .
X, = grad;(eei) .
Therefore nii)T = 44 Xp + grad. (d .+ © 1)

= di xgl + grad; 4,1 .

Again due to the uniqueness of Hodge's decomposition of Xh1 we conclude:




Proposition 2 Given o€ ALM,R") and i € E(MR") , then

if the splitting a = dh(i) + B(i) is maximal

for some h(i) € C°(M,R") determined up to a constant and if for some
hi(i) € C°MR") with hl(i) = h(i)+z and z € R"
a = dhl(i) + B(4)

then 0 _ o
: Xh = Xhl

Here Xg and Xﬂl denotes the divergence free part of Xh and Xhl

respectively.

Next we will study a« € Al(M,Rn) in relation to a fixed 1 € E(M,Rn)

from a quite different point of view.

For any pair X,Y we set

T(a,i)(X,Y) ¢ =<a(X), di ¥ >

Hence T(a,i) 1is a smooth two tensor on M , splitting uniquely into a
symmetric and an antisymmetric part T(a,i)®> and T(a,i)2 respectively.

If P: T —>TM denotes the unique smooth strong bundle endomorphism

for which
T{a,i)(X,Y)= m(i)(PX?Y)
then T(a,1)5(X,Y) = m(i)( 3 (P + P)X,Y)
and a 1 ~
T, 1)206Y) = m(i)( 5 (P - PIX,Y) .

. .
Here P denotes the fibrewise formed adjoint of P with respect to m(i).

Let us set By, (1) = %(p + ”) and Ca(i).=%, (P -P)




Therefore

a(X) = al(X) + di CX + di BX

holds for any X € TTM . Clearly al(X)(p) is a vector in the normal
space of Ti TpM for each p € M . Hence there is a unique smooth

c, € C®(M,so0(n))

where so(n) denotes the Lie algebra of SO(n) such that
X) =c. - diX vV X €TIM .

Thus we may state that a second decomposition of a relative to 1 :

Proposition 3 Given a € Al(

MR") and i € E(MR") there are uniquely
determined smooth, strong bundle endomorphisms

Q1(i) : fM —> ™
and Ba(i) : ™M —— ™™

which are with respect to m(i) skew-respectively selfadjoint and there is

a uniquely determined ¢ ( ). € C7(M,s0(n)) such that the following relation

holds for all X € T'TM :

(2) % a(X) = c,(1)=di X + di-C_(1)X + di-B ()X .

Remark: Given o« € AL(M,R") and i € E(M,R")

then the exterior differential aT(a,i)a of T(a,i)a satisfies

(3) 3T%(a,i) = 0 iff 82 =o0

The reason is that the one-form < ia>'€ Al(w R) assigning to any
X € TTM the function <1,a(X)> satisfies

< i,a >=,T(1',oc)‘? iff sa=o0

Now we will Tlink the two descriptions of a relative to i as expressed

by the two propositions (1) and (2). To this end let a € Al(MJRn) and




i € E(MR™) be given. Let

= dh(1) + B(i)
be the decomposition described in proposition (1). We split h(i) into

h(i) = di X+ hi(4)

.Hence for any Y € I'IM
(4) . dh(i)Y = di V(i)Y Xy, + wh(i)Y +

. 1 1

+ S(A)(Y,X) + (d(hh) () + B(Y)

Forming T(dh,i) , decomposing it into T(dh,i)s‘ and T(dh,i)a‘ and using
(4) yields immediately .
T(dh,1)3(X,Y) = m(i)(X,9(1)yX;) + m(3) (X, W, (3)Y) .

Therefore
T(dh,1)%(X,Y)

(M(1) (4GT(1)yX,) = m(i) (¥,9(1) X, )

+ NI PN,

2 T(dh, 1)SGY) = HMG) LT X, ) + m(E) (Y1) X,)

() 0y (10V)= Sy () (V) ) (KW (1))

Here LX (m{(i)) s the Lie derivative of m(i). Writing for any Z € I'IM
h

Ly

(m())(X,Y) = m(i)(ky X,¥)
h h

where !'Z : M ——> M
is a strong smooth bundle endomorphism given by the theorem of Fischer-

Riesz, then ca(1), Ca(i) and Ba(i) relate to h as follows

(5) e (i)di Y = (d(dnt(i))V) + S(i)(¥.X,) + C (i)-di ¥

(6) C(I)Y = § (V(i)X, - T(i)x, )Y+ Cali)Y

“and

~/

(T(1)Xy + FCX)Y + W(E) Y + By(1)Y =

]
NoI—

B (1)Y -

= (1 mxh(i) + () By ()Y

[N



Here V(i) Xh means the fibrewise formed adjoint with respect to

m(i), which applied to Yy € TpM is written as g(i)Xh(vp) for any

peEM. Ifwesplit furthermore Xh into

X, = xg + grad,b with div.X? =

i"h
(accord1ng to Hodge's decomposition) and taking
0 = m(i)((v(i)gradse - (i) grad.b)x,¥) = 0
into account yields finally the desired re]atioﬁs
1
(

Proposition 4 Let a € A M,Rn) and i€ E(M,Rn) . Given any

h(i) € (M,R") with
h(i) = di X, (i) + bt = X, ()% + gradw(i) + h*
as split according to the Hodge decomposition of Xh and
o = dh(i) + B(i)
then the coefficients in
| a = c_(i)-di + di C(i) + di B_(i)
are determined by

(8) ¢ (i)-di = d(dh (1)) + S(1) (X (1),...) + cg-di
(9) C(1) = FT(X (1) = F()X(3)) + C(d)

= 3 (X - FEX(1)°) + ()

and
o1
(10) B,(1) =3 ILXh(i) +grad sy ( 1) Wp(1) + By
Hence ) ) N
- tr Ba(1) = div Xh(1) + tr wh(i) + tr BB =

= - VOW(I) + tr W (1) + tr By

with V(i) i5 the Laplace Beltrami operator of m(i) .

-3



The rest of this section is devoted to the covariant divergence of
Bh(i) and Ch(i) . The covariant divergence diviA of any smooth
strong bundle endomorphism

A:TM —> TM™

is defined as follows: Let CTPRRE be any moving orthonormal frame

m

of TM . Then
r=m

(12) divi A= 3 V(i)
r=1 r

(A) e,

First we compute divi V(i)Xh . For any Y € TTM the equation

(1) (9(1)g (T(i)p)e,1) = mA)(F(1), (T(1) M) Tihg(s) ¥yt
r

implies

(13) div; v(i)X, = - A(1)X,

A(i) being the Laplace Beltrami operator of m(i) . To find div, $ki)Xh

consider for any Y € I'TM the equations

\

() (7(1) (T )epa) = e (m(3) (T, () Ym0 (FL)y (7(1), ) V)
r

- m() (V)X (e,)s V(i) ¥)

e
r

= m<i)<er,v<i>e%v(i)yxh) - m( ey vin)
r

= (1) (e, 91 (7(X)Y)

and
m(1) (7()y (F()Xp)epne,) = mli) (e 9(1)y7(1) g Xp) = m(i) (e 7()g sy o Xp)
. . r .
= (i) (e,.,9(i)y(7(1)Xp)e,) -
‘Thus we find

m ~

B (D) (FiX)et) - n() )y (FX) €)=
r= r

= Ric(m(i))(Y,Xh)




and consequently

(1)(d1v V( )X, sY) = tr V(i)Y(V(i)Xh) + Ric(m(i))(Y.Xp) .

Here Ric(m(i)) denotes the Ricci tensor of m(i). The last equation
yields
(14) div; V(1)Xh grad d1v X + R(i )Xh

Here Ric'(i)Xh is defined via.

m(i)(R(1)X;,Y) = Ric(m(i))(X,,Y) v Yerm.

Now we immediately conclude

(15) div Exh(i) = - A(i)Xh + R(i)Xh + grad div Xn

(16) 2 div Ch(i) = -.A(1')Xh - R(i)Xh - grad div Xh
showing

(17) div.( 3 EX (1) + C (i) = - a(i) X,

and |

(18) - div( 2 &X - C (i) = Ric(i) X + grad d1v Xh .

These equations will be of interest later.

Let us restrict our attention to the case of

1+ dim M=

" Then since M is oriented we have the oriented unite normal vector
field N(i) along i . Hence h € C(M,R") splits into

h(i) = di X, + T(3)-N(i)
for some <T(i) € C°(M,R) . Thus wh(i) = W(i) if T =1 . Denoting

tr W(i) by H(i) we immediately find

AN



A0

m
(1) (div; (2(1)-W(D),Y) = B m(i)(V(3) (2(H())e,Y) =
= r .
- ?1 m(3) (grad; T(1), W()Y) +m(3)(x(1)div, W(i).Y)
r=
and hence
(19) divi(t(i)W(i))= W(i)gradi T(i) + r(i)div1W(i) .

Now by Codazzi's equation (cf.[K11) yields

(20) rgl m()(7(H)g (H(1))e.Y) =r§1 m(i)(V(i)y(H(i))e.e,) =
= m(i)(grad H(i),Y)

We therefore have

(21) divir(i)W(i) = W(i)gradi (i) + r(i)gradi H(i) .

.In turﬁ equations (19),(20),(9),(10),(15),(16),(17) and (18) yié]d

(22) - dive (B, () + Cé(i)) = - A(i)Xh + W(i)gradi r(i)+i(i)gradiH(i)
and'_
(23) . div(Bh(i) - Ch(i)) = R(1) Xh + gradi divi Xh +.

+ w(i)gradi (i) + r(i)gradi H(i) .
We close this section by showing the following result:

Lemma 5 Let a € Al(M,Rn) and i € E(M,Rn). If o has no integrable

part then a =B and hence

(24) divi(CB(i) + BB(i)) =0

Proof: We have for any X € I''M

alX) = B(X) = T m(1)(Y,203,
s=1

and any ofthonorma] frame él""’en in R" .




Hence

<a(X),di Y > = m(i)((CB(i)v+ BB(i))X,Y)= glm(i)(Ys s
{ o=

Thus if 5.8 is a moving orthonormal frame in TM , then
m m
. . . . _ . . 0 - .
m(i) (div; (CaU)4Bg(10).Y) = B B m(i)(7(i), ¥ ae )< &5,i ¥ >

Interchanging the summation yields (24).

Therefore we have due to (24) and (22)

Corollary 6 Let o€ AL(MR™) and i € E(M,R") and Tet a = dhtp
as in (1). If h(i) = di Xy + ©-N(i)  then
div(B,(1) + C (1)) = div(B, (i) + C,(i))

= = A(1)Xy, + W(i)grad; t-kt-gradiH(i) .

0 X)< és,di Y > .
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